The concept of a line digraph is generalized to that of a directed path graph. The directed path graph → P k (D) of a digraph D is obtained by representing the directed paths on k vertices of D by vertices. Two vertices are joined by an arc whenever the corresponding directed paths in D form a directed path on k + 1 vertices or form a directed cycle on k vertices in D. In this introductory paper several properties of → P 3 (D) are studied, in particular with respect to isomorphism and traversability. In our main results, we characterize all digraphs D with
Introduction
We refer to [2] for any undefined terminology.
In [3] path graphs were introduced as a generalization of line graphs of (undirected) graphs. In the next section we shall introduce an analogous concept for directed graphs. But first we recall some basic definitions and notation concerning directed graphs.
We define a directed graph or digraph D to be a pair (V ( 
Directed path graphs
Let k be a positive integer, and let D be a digraph containing at least one
, the line digraph of D, as it was introduced in [4] .
For a nice survey of results on line graphs and line digraphs we refer to [5] . In the sequel we shall restrict ourselves to → P 3 -graphs. In Section 3 we give some elementary results on → P 3 -graphs, in Section 4 we discuss isomorphisms of → P 3 -graphs, and in Section 5 we consider the traversability of → P 3 -graphs.
Elementary results

Vertices, arcs and degrees
Let D be a digraph containing at least one → P 3 and let G = → P 3 (D). To express the number of vertices, the number of arcs, and the degrees of the vertices of G in terms of D, we first introduce some additional terminology.
For a vertex v ∈ V (D), we set
and we define
Now the number of → P 3 's in D with middle vertex v is equal to
The number of arcs of G can be counted by summing up, for each arc a of D, the number of → P 3 's of D "joined" together by having the arc a "in common", as follows:
The in-degree and out-degree of a vertex in G corresponding to a
respectively.
Cycle structure
By considering the possible adjacency structures of → P 3 's in a digraph D, one easily obtains the following result on (short) cycles in → P 3 (D). We omit the proof and remark that similar results can be deduced for longer cycles. Recall that U (D) denotes the underlying (undirected) graph of D.
) is induced (has no chords) and is a → C 4 or is oriented with alternating arc directions in
) is both induced and oriented with alternating arc directions in → P 3 (D). 
Splitting vertices
. A similar splitting preserving the → P 3 -structure can be applied to sinks. Of course the reverse operation of combining sources or sinks is also preserving the → P 3 -structure, as long as sources or sinks do not have common out-neighbours or in-neighbours, respectively.
Splitting an arbitrary vertex v of D into two new vertices v 1 , v 2 and dividing the in-arcs and out-arcs at v among v 1 and v 2 , we obtain a digraph D with the property that
. We leave the details to the reader.
Isomorphisms of → P 3 -graphs
In this section we consider two questions:
We refer to [5] for results related to similar questions concerning line (di)graphs, and to [3] for analogous results on P 3 -graphs of (undirected) graphs. In this section we shall characterize all digraphs for which → P 3 (D) ∼ = D, and we shall see that
Before we present the results we introduce some additional terminology.
Let
and precisely one vertex of T has in-degree zero (the root of T ), while all other vertices of T have in-degree one. An in-tree of D is defined analogously with respect to out-degrees. Note that any strongly-connected digraph contains an in-tree and an out-tree, and no sources or sinks. We first give a short proof of the following result. 
Theorem 2 Let D be a connected digraph without sources or sinks. If D has an in-tree or an out-tree, then
On the other hand, since T is an out-tree, we obtain
Combining (1) and (2), we get that t ≤ 1, implying that t = 1, and that T = → P n . Similar arguments show that any in-tree of D is a → P n . This is only possible if
that D contains either precisely one source or precisely one sink, and that D contains an in-tree or an out-tree. This class of graphs can be extended by taking a directed cycle and attaching a collection of disjoint out-trees (or in-trees) to the vertices of the cycle.
In the sequel we characterize all connected digraphs satisfying 
Theorem 3 For any digraph D containing at least one
Proof Let D be a digraph containing at least one
It is again clear that this is equivalent to saying that u and v correspond to two
Corollary 4
For any digraph D containing at least one
Proof This follows immediately from Theorem 3 and the observation that D contains a
Corollary 5
Proof This follows from the fact that
Corollary 6
For any digraph D containing at least one 
Characterizing all connected digraphs D with
is strongly connected for all n ≥ 1; then the counting arguments from Section 3.1 imply |V ( As remarked there, the line digraph of D and each of its iterates have a single directed cycle (all of the same length), and for sufficiently large n, the basic configuration of → L n (D) consists of a directed cycle and an out-tree and in-tree (disjoint except for roots) at each vertex of the directed cycle. Hence D is of this form. It is not difficult to check one cannot have an out-tree and in-tree attached at the same vertex of C, since this creates an isolated vertex in → P 3 (D) or a subdigraph attached to a vertex of the directed cycle that is neither an out-tree nor an in-tree. If C has length 3, one can have arbitrary out-or in-trees attached to each vertex of C; if C has length 4 or more, the situation is more complicated: certain combinations of outand in-trees are possible, others are not. To characterize all possible combinations, we have to introduce some more definitions from [5] .
Given the digraph D consisting of a directed cycle C = v 0 v 1 . . . v k−1 v 0 together with an outtree A i or an in-tree B i at each vertex v i (0 ≤ i ≤ k − 1), the cyclic (modulo k) sequences {A i } and {B i } are called the out-tree and in-tree sequences. As mentioned in [5] , the line digraph of D has the same sequences with the in-trees advanced one vertex of the cycle relative to the out-trees. The out-tree index of D is then defined as the minimum positive integer r for which A i+r ∼ = A i for all i; the in-tree index is defined similarly. If, for some positive integers n and k, we have 
Periodic
We present a result on → P 3 -graphs analogous to [5, Theorem 9 .1] and [5, Corollary 7.2] . We omit the proofs, since they are easy consequences of 
for some positive integers k and n.
Theorem 7
Let D be a digraph. Then:
some n if and only if D has no directed cycles except for
→ C 2 's. (ii) |V ( → P n 3 (D))
| gets arbitrarily large for sufficiently large n if and only if D has two directed cycles of length at least 3 joined by a directed path (possibly of length 0). (iii) D is → P 3 -periodic if and only if D has directed cycles of length at least 3, no two of which are joined by a directed path (possibly of length 0). (iv) If D is strongly connected and
→ P n 3 (D) ∼ = D for some n ≥ 1, then → P 3 (D) ∼ = D and D is a directed cycle.
Which digraphs have isomorphic
→ P 3 -graphs?
Before we turn to Question 2 we introduce some additional terminology concerning isomorphisms.
. Question 2 can be rephrased as follows.
The related question for arc-isomorphisms was answered in [4] .
Theorem 8 Let D and D be two digraphs without sources or sinks. Then every arc-isomorphism of D onto D is induced by an isomorphism of
We can prove a similar result on → P 3 -isomorphisms if we make a "weak" additional assumption concerning the digraphs D and D . This additional assumption is reasonable and is the natural counterpart of the assumption in Theorem 8 that D and D contain no sources or sinks. 
Theorem 9
, and f * (y 2 )f * (y 1 ) in D , we easily obtain a contradiction.
From the above proof we already note that we cannot omit the connectivity condition in Theorem 9.
To illustrate the necessity of the condition on the sources and sinks we can use the splitting technique from Section 3.3. As a small example consider the next pair of nonisomorphic digraphs with isomorphic → P 3 -graphs. The first digraph consists of a → C 3 , one additional vertex v, and arcs from v to two vertices of the → C 3 ; the second one of a → C 3 , two additional vertices v 1 , v 2 , and arcs v 1 u and v 2 w to two vertices u and w of the → C 3 . With respect to the necessity of the condition on the arcs, consider the following pair of nonisomorphic digraphs with isomorphic → P 3 -graphs. The first digraph is a → C 4 ; the second one is obtained from a → C 4 by replacing two vertex-disjoint arcs by → C 2 's. In general, if we add to D any arc not contained in a
. In particular we can add an arc from a source to a sink, or, if uv is an arc where d + (u) = d − (v) = 1, we can add the arc vu.
Combining Theorems 8 and 9 it is clear we have the following consequences for digraphs D and D satisfying the conditions in the hypothesis of Theorem 9.
Corollary 10
→ P 3 (D) ∼ = → P 3 (D ) if and only if D ∼ = D .
Corollary 11
for undirected graphs has been solved completely, building on earlier work in [3] and [6] . 
